Introduction
Let E/F be a Galois extension of number fields with Galois group G. The purpose of this paper is to place limitations on the structure of a Sylow 2-subgroup of G in the case when the extension E/F is a minimal counterexample to Artin's Conjecture on the holomorphy of L-series. More specifically, assume for some s 0 ∈ C − {1} and some irreducible character χ of G that the Artin L-series L(s, χ, E/F ) has a pole at s 0 . Assume further that this is a minimal configuration in the sense that: for no intermediate Galois extension E 1 /F 1 of smaller degree, where F ⊆ F 1 ⊆ E 1 ⊆ E, and no irreducible character ψ of Gal(E 1 /F 1 ) does L(s, ψ, E 1 /F 1 ) have a pole at s 0 . Then we show that a Sylow 2-subgroup of G has a faithful complex representation of degree r, where r is the order of zero of the zeta function of E at s 0 . In particular, this implies that the 2-rank of G is at most r.
We begin with some background material. Suppose T : G → GL(V ) is a finite dimensional complex representation of G with character φ. The Artin L-series, L(s, φ, E/F ), is defined as follows:
where the product is over all primes P in F , V I is the subspace of V fixed by the inertia group I of a prime in E over P and F rob P is a Frobenius element of G at that prime over P in E. When the extension associated to the L-series is clear we shall simply denote the series by L(s, φ). By results of Hecke, Artin and Brauer this Euler product (which is seen to converge in the right half-plane Re s > 1) has a meromorphic continuation to the entire complex plane. Artin's Conjecture is that if φ does not contain the principal character of G, then L(s, φ) is an entire function.
The following properties of Artin L-series will serve as "axioms" for reformulating Artin's Conjecture in the language of the character theory of G: which case Artin's Conjecture is true at s 0 ). We therefore always assume θ G = 0 and so θ G (1) ≥ 1. From property (3) of L-series and property (i) of θ G we obtain more generally that θ G | T is a character of T for every nilpotent subgroup T (since T is an M -group by (10.3) in [4] ); in particular, θ G restricts to a character on the Sylow subgroups of G.
We can now state the main theorem of this paper in its number-theoretic formulation.
Say that E/F is a minimal counterexample to Artin's Conjecture at s 0 if L(s, χ, E/F ) has a pole at s 0 for some irreducible character χ of G, and L(s, ψ, E 1 /F 1 ) is holomorphic at s 0 , for every proper Galois subextension F ⊆ F 1 ⊆ E 1 ⊆ E and every irreducible character ψ of Gal(E 1 /F 1 ). Theorem 1. Let E/F be a Galois extension of number fields with Galois group G. If E/F is a minimal counterexample to Artin's Conjecture at s 0 , then θ G | T is a faithful character of the Sylow 2-subgroup T of G. In particular, a Sylow 2-subgroup of G has a faithful representation of degree r, where r = θ G (1) is the order of the zero of the Dedekind zeta function of E at s 0 .
We establish Theorem 1 by further translating the properties of a minimal counterexample into character theory of the Galois group and then proving a result on characters of an arbitrary finite group G (not necessarily a Galois group). Lemma 1 shows that if the Galois group G is a minimal counterexample to Artin's Conjecture at s 0 then the following conditions hold:
of G, and (B) if χ is any irreducible character of G such that θ G , χ < 0, then χ is faithful, nonlinear, and not induced from any proper subgroup of G.
Thus Theorem 1 is an immediate consequence of the following result about arbitrary finite groups:
Theorem 2. Assume G is a finite group which possesses a virtual character θ such that θ is not a character of G but θ| H is a character of H for every proper subgroup H of G. Assume also that if χ is any irreducible constituent of θ such that θ, χ < 0, then χ is faithful, nonlinear, and not induced from any proper subgroup of G. Then θ| T is a faithful character of the Sylow 2-subgroup T of G.
Since an abelian 2-group of rank r + 1 does not have a faithful complex representation of degree r, we immediately obtain: Corollary 1. Under the hypotheses of either Theorem 1 or Theorem 2, the 2-rank of G is at most r = θ(1).
This paper is a generalization of the main result of [7] , which dealt with the case when θ G (1) = 2. In that paper the precise isomorphism types of minimal counterexamples were determined. The authors also showed that SL 2 (p), for p any prime > 5, satisfies the hypotheses of Theorem 2 for some virtual character θ. But SL 2 (p) itself does not have a faithful representation of degree 2 (= θ(1)); moreover, in these examples θ is constant on a Sylow p-subgroup, hence the prime 2 cannot be replaced by an arbitrary prime in the statement of Theorem 2 above.
As with [7] , the proof herein relies on the classification of finite simple groups.
The "dual" relationship between the Heilbronn characters θ G and monomial characters of G is nicely unraveled in [14] .
Proof of the Main Theorems
We first collect some elementary results from [7] .
Lemma 1.
1. If θ G is Heilbronn's virtual character for any Galois extension (not necessarily a counterexample to Artin's Conjecture), then θ G | H = θ H for any subgroup H of G.
2. If G is a minimal counterexample to Artin's Conjecture at s 0 , then for every irreducible character χ of G for which L(s, χ) has a pole at s 0 , χ is faithful, nonlinear and not induced from any proper subgroup of G.
Proof. See [7] , Lemmas 1, 4 and 5.
Throughout the remainder of the paper we assume the notation and hypotheses of Theorem 2 are in effect. In particular, T ∈ Syl 2 (G), and r = θ(1). As noted in the Introduction, since θ = 0, r ≥ 1. The proof proceeds by way of contradiction.
Lemma 2. G is not an M -group. In particular, G is not a p-group nor an abelian group.
Proof. By hypothesis θ has an irreducible constituent which is nonlinear and not induced from any proper subgroup. This is impossible in an M -group. By (10.3) of [4] , G is not nilpotent.
In particular, Lemma 2 implies:
For the remainder of the paper let
Since θ is a class function on G its value on conjugates of elements of S is also r. We often implicitly rely on the observation that if H is any proper subgroup of G which is generated by conjugates of elements of S (or by any elements on which θ takes the value r), then θ is constant on all of H; this is because H is generated by elements in the kernel of the character θ| H .
Recall that a subgroup R of T is strongly closed in T with respect to G if whenever x ∈ R and g ∈ G are such that x g ∈ T , then x g ∈ R.
Lemma 4. S = 1 and S is strongly closed in T with respect to G.
Proof. Since T is a proper subgroup of G, θ| T is a character of T of degree r. Since G is a counterexample, θ| T is not a faithful character of T , i.e., S = 1. Also, because θ is a class function on G, it follows immediately that S is strongly closed in T with respect to G.
Proof. Suppose this is not the case so, in particular, S = T . We quote the classification in [6] which determines when a strongly closed 2-subgroup is not a Sylow 2-subgroup of its normal closure. This result applied to S states: there is a unique largest normal subgroup M of G with the property that
there is a subgroup S 0 of S which contains S ∩ M such that
where the U i 's are isomorphic simple groups of type U 3 (2 m ) or Sz(2 m ) for some m ≥ 2, and S 0 is equal to the center of a Sylow 2-subgroup of this direct product, and
Let B be the preimage in G of a Borel subgroup of U 1 for which T 1 = T ∩ B ∈ Syl 2 (B) and
Now some involution w ∈ U 1 inverts H, and any 2-element w representing this coset is G-conjugate to an element of S 0 . Let H be the preimage of H in G and let N = H, w . Since N is a proper subgroup of G and w ∈ ker θ| N , it follows that ker θ| H covers H. But then (5.1) implies that ker θ| B covers T 1 , whence T 1 ≤ ker θ| B ≤ S. This contradicts property (3) and so completes the proof.
Proof. Suppose θ is constant on K but G/K is not cyclic. Thus for every x ∈ G the subgroup x, K is proper in G. Since θ is a character of x, K with K in its kernel, θ is constant on the coset xK. Thus θ is a class function on G/K, and so is expressible uniquely as a C-linear combination of irreducible characters of G/K. Hence when θ is viewed as a class function on G it is expressible uniquely as a C-linear combination of irreducible characters of G which contain K in their kernels. But by hypothesis θ, χ = 0 for some irreducible character χ of G which is faithful on K, a contradiction. This completes the proof.
Note that since θ is a class function, Lemma 6 applies to proper normal subgroups K that are generated by G-conjugates of elements of S.
Lemma 7. S = T and G is quasisimple with a center of odd order.
Proof. Assume this is not the case. First argue that there exists K G with G/K cyclic = 1, and θ constant on K.
(7.1)
In these cases as well K is a proper normal subgroup of G on which θ is constant and, by Lemma 6, G/K is cyclic. This establishes (7.1).
We now argue that θ is constant on all cosets of K in G. This gives a contradiction because, as in the proof of Lemma 6, θ would be a class function on G/K and hence would be orthogonal to the faithful irreducible constituents of θ.
Because θ is a character on every proper subgroup H of G and H ∩ K ≤ ker θ| H we have if g ∈ gK and g, g < G, then θ(g) = θ(g ).
Let gK be a generator for G/K. By (7.2) we need only consider when θ is not constant on gK.
For the remainder of the proof of this lemma let π be the set of primes dividing |G : K|. For each q ∈ π let R q = {R | R is a q-subgroup of G and RK/K is a Sylow q-subgroup of G/K}.
We argue that for some q ∈ π, N G (R) < G for every R ∈ R q .
(7.3)
Consider first when R ∈ R q and N G (R) = G. In this situation, if R ∩ K = 1, then O q (K) = 1. By Lemma 6 applied to Z(O q (K)) we obtain that G/Z(O q (K)) is cyclic. But then G is an M -group (see pp. 53-54 in [4] ), contrary to Lemma 2. Thus if N G (R) = G, then R ∩ K = 1 and so RK = R × K. Now if for every q ∈ π there is some R ∈ R q such that R G, then G = Z × K, were Z is a cyclic, central complement to K in G. In this situation, we may choose g as a generator for Z. Then for every k ∈ K, the abelian group g, gk is proper in G. By (7.2), θ is constant on the coset gK, as claimed. Since we are proceeding by way of contradiction, (7.3) must hold.
Fix a prime q satisfying the conditions of (7.3). By Frattini's Argument we may choose a particular representative g of the coset gK which normalizes a Sylow q-subgroup, Q 0 , of K (where any g will do if Q 0 = 1). Write g = g 1 g 2 as a commuting product of an element g 1 of order a power of q and g 2 of order prime to q. Thus Q = Q 0 g 1 is a Sylow q-subgroup of G and g normalizes Q. By assumption, there exists g ∈ gK with θ(g) = θ(g ). Likewise decompose g as a commuting product g 1 g 2 , where g 1 has order a power of q and g 2 has order prime to q.
We argue that for any R ∈ R q and any x ∈ N G (R) ∩ gK, θ(x) = θ(g). This will provide the final contradiction because g lies in N G ( g 1 ) and g 1 ∈ R q . By way of contradiction suppose R ∈ R q is of maximal order subject to there being some x ∈ N G (R) ∩ gK with θ(x) = θ(g). Since θ is a class function, we may replace R by a G-conjugate if necessary to obtain such an R ≤ Q with N Q (R) ∈ Syl q (N G (R)). If R = Q, then since x, g ∈ N G (Q) results (7.2) and (7.3) force θ(x) = θ(g), contrary to assumption. Thus R < Q. Let N = N G (R), let R 1 = N Q (R), and let R 0 = R 1 ∩ K. Note that
. But now θ(x) = θ(g), for some x ∈ N G (R 1 ), contrary to the maximality of R. This completes the proof of Lemma 7.
Since θ restricts to a character on every cyclic subgroup of G, we achieve the final contradiction once we show θ is constant on a Sylow p-subgroup of G for every prime p. This is already the case for p = 2, so it remains to consider odd p.
Lemma 8.
If p is the smallest prime dividing |G| such that θ is not constant on a Sylow p-subgroup of G, then P/ ker θ| P has p-rank at least 3.
Proof. Assume by way of contradiction that P/ ker θ| P has p-rank at most 2. Let P 0 = ker θ| P and let N = N G (P 0 ) (here we allow the possibility that P 0 ≤ Z(G), in which case N = G). Since P 0 is a proper strongly closed subgroup of P and G is perfect, Theorem B of [8] gives that N/P 0 does not have a normal subgroup of index p. We derive a contradiction by arguing that N/P 0 has a normal p-complement. If this is not the case, then by Frobenius' N/C-Theorem there is a subgroup R with P 0 < R ≤ P and a q-element x ∈ N N (R) such that x induces a nontrivial automorphism on R/P 0 of prime order q = p. By Lemma 8.4 of [5] , q | p 2 − 1, whence q < p. The minimal nature of p forces x ∈ ker θ| N N (R) . Thus P 0 < P 0 [R, x] ≤ ker θ| P = P 0 . This contradiction completes the proof.
We now use the classification of finite simple groups to eliminate each of the simple groups as possibilities for G.
Lemma 9. G/Z(G) is not an alternating group.
Proof. Suppose G/Z(G) ∼ = A n , for some n. The preceding Lemma immediately eliminates the only alternating groups with nontrivial odd order multipliers, A 6 and A 7 ; so we may assume that G is simple. Note that A n−1 is generated by 2-elements, so θ is constant on each such subgroup, i.e., θ(x) = θ(1) if x fixes a point.
If p is an odd prime and n is not a power of p, a Sylow p subgroup of A n is generated by elements which have fixed points; in this case the Lemma holds by (9.1). In the case n = p a , however, θ is constant on every Sylow q-subgroup, for all primes q = p. Also, the Sylow p-subgroup, P , is generated by P ∩ A n−1 and σ , where σ is an n-cycle. By (9.1), P/ ker θ| P is cyclic. Lemma 8 now gives a contradiction.
Lemma 10. G/Z(G) is not a Chevalley group (untwisted or twisted).
Proof. Suppose G/Z(G) is a Chevalley group over a field of characteristic r. The arguments in this proof show that each Sylow subgroup lies in a proper subgroup generated by elements x for which θ(x) = r. These generational arguments apply to the simple group and all its coverings, including the groups with exceptional multipliers. (They may also be used to eliminate the Tits simple group, although Lemma 8 does this immediately.)
We first show that θ is constant on the maximal unipotent subgroups of G.
(10.1)
For this we need only consider when r is odd. Let R be a Sylow r-subgroup of G. Assume first that G has BN -rank at least 2. By [3] and [10] there is an end-node maximal parabolic subgroup M = O r (M )LH, where L is the component of the Levi factor and H is the Cartan subgroup, such that
, L] (in the rank 2 groups over IF 3 we may take L ∼ = Σ 4 ; in all other cases L is quasisimple). Since L is generated by 2-elements it follows that O r (M )L ≤ ker θ| M , as claimed. If G has BN -rank 1, then the maximal parabolic containing R factors as RH, where H is a cyclic group and R = [R, H]. But now H is inverted by a Weyl element x of 2-power order, so H ≤ ker θ| x,H . Thus θ is constant on H, and hence also on R.
Next we argue that θ is constant on the Cartan subgroups of G.
(10.2)
A Cartan subgroup of G is generated by tori T α , where T α ≤ U α , U −α , for some root group U α . Since U α , U −α is a Chevalley group of rank 1 and the torus T α is inverted by a 2-element in it, as in the preceding paragraph θ is constant on T α . Thus θ is constant on each Cartan subgroup as well.
Since each proper parabolic subgroup of G is of the form U LH, where U is a unipotent subgroup, L = O r (L) and H is a Cartan subgroup, (10.1) and (10.2) imply:
θ is constant on every proper parabolic subgroup of G.
Since the Weyl group of G is generated by 2-elements, we also have:
θ is constant on the Weyl group of G (10.4) (and by (10.2) this is well-defined).
Now let P be a Sylow p-subgroup of G, for some prime p = r, 2. We argue that if P 0 is the subgroup generated by P intersected with the proper parabolic subgroups and Weyl groups of G, then P/P 0 is cyclic. Together with (10.1) this will imply that P/ ker θ| P is cyclic, for all primes p. This will violate Lemma 8, and so complete the elimination of the Chevalley groups. To show this generation for P we may assume G is the universal Chevalley group. By the proof of (10-1) in [9] P = P 1 P W where P 1 is a normal, homocyclic abelian subgroup of P , and P W is generated by elements x which lie in some proper parabolic or some Weyl subgroup of G. By (10.3) and (10.4),
Following (2.7) in [15] , we argue that P 1 contains a subgroup P 2 such that P 1 /P 2 is cyclic and P 2 is contained in some proper parabolic subgroup of G. (When G is a classical group, this is a reflection of the fact that some such subgroup P 2 fixes a nonzero vector in the action of P on the natural module.) More generally, let A be any subgroup of commuting semisimple elements of G. Let G denote the algebraic group over IF r for which G is the fixed points of a Frobenius endomorphism, σ (i.e., G = G σ ). Thus A is contained in a maximal torus, T , in G. Now T normalizes each root subgroup U α and induces a cyclic group on U α (as T induces a 1-dimensional torus on U α ). Thus there is a subgroup A 2 of A with A/A 2 cyclic such that
is the central product of a torus with a semisimple group of components defined over IF r , we must have that C G (A 2 ) contains a nontrivial component. Since σ normalizes C G (A 2 ), the fixed points of σ on this centralizer contain a nontrivial r-subgroup, R. Then A 2 is contained in the proper parabolic subgroup N G (R) of G, as claimed. Apply this result to A = P 1 and set P 2 = A 2 . Together with (10.5) this implies that the normal closure, P 0 , of P W , P 2 in P has cyclic quotient, as needed. The proof of Lemma 10 is complete.
Proof. The local subgroups of the sporadic simple groups, including the Sylow normalizers, are neatly summarized in [9] , Section I.5; more detailed information is provided in the Atlas, [2] . By Lemma 8, it suffices to show that θ is constant on every Sylow p-subgroup, P , for which p 3 divides |G| (and p is odd). Moreover, when |P | = p 3 , one only need check this if P is elementary abelian (otherwise P and all its quotients have rank ≤ 2). Let P be such a Sylow p-subgroup of rank ≥ 3. The data in [9] , Section I.5 shows that N G (P ) has even order.
(11.1) Let T 0 be a Sylow 2-subgroup of N G (P ) so that P = [P, T 0 ]C P (T 0 ). Moreover, [P, T 0 ] ≤ ker θ| P and C P (T 0 ) is contained in a 2-local subgroup of G.
We claim: the normalizer of some Sylow 2-subgroup of G contains a complement to ker θ| P in P . (11.2) If this is not the case, let T 1 be a 2-group of maximal order subject to N G (T 1 ) containing a complement, P 0 , to ker θ| P in P (such T 1 = 1 exists by the preceding paragraph). Let N = N G (T 1 ) and let T 2 be a Sylow 2-subgroup of N . By assumption, T 1 < T 2 . As usual, T 2 is contained in ker θ| N and Frattini's Argument gives N = N N (T 2 ) ker θ| N . It follows that if P 1 is a Sylow p-subgroup of N N (T 2 ), then |P 1 : ker θ| P 1 | = |P 0 : ker θ| P 0 |. Since θ is a class function, any G-conjugate of P 1 that lies in P must then be a complement to ker θ| P in P . This contradicts the maximality of T 1 and so establishes (11.2).
Results (11.1) and (11.2) can now be used to systematically eliminate the sporadic groups. By Lemma 8, G is not isomorphic to J 1 . In the remaining simple sporadic groups the Sylow 2-subgroups are self-normalizing, with the exceptions of J 2 , J 3 , Suz and HN . In the latter four simple groups N G (T ) is contained in the maximal 2-local subgroup C G (Z(T )), which is generated by 2-elements, hence θ is constant on N G (T ) in these cases as well; viz. C J 2 (Z(T )) ∼ = 2 1+4 A 5 , C J 3 (Z(T )) ∼ = 2 1+4 A 5 , C Suz (Z(T )) ∼ = 2 1+6 Ω − 6 (2), and C HN (Z(T )) ∼ = 2 1+8 (A 5 Z 2 ). Thus if G is simple, (11.1) and (11.2) force P = ker θ| P , as desired.
If G is not simple, Table 1 in the Atlas gives that G is a 3-fold cover of a simple group. By the facts in the preceding paragraph, N G (T ) ≤ Z(G)M , where M = O 2 (M ) = ker θ| M . If θ is not constant on P , this information and (11.2) force: p = 3, |P : ker θ| P | = 3 and Z(G) ≤ ker θ| P . But then P = ker θ| P × Z(G), contrary to Gaschütz's Theorem. This completes the proof of Lemma 11.
Since all simple groups have been eliminated as possibilities for G/Z(G), the proof of Theorem 2 is complete.
